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Abstract
We suggest a so-called Dirac type tensor equation with nonabelian
gauge symmetry on pseudo-Riemannian space. This equation repro-
duce some of the properties of spinor Dirac equation. A geometrical
interpretation of results in terms of Riemannian geometry is given.
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In the previous paper [3], developing results of P. Dirac [4], D. D. Iva-
nenko, L. D. Landau [5], E. Ka¨hler [6], F. Gu¨rsey [7], D. Hestenes [8], [9], we
consider the so-called Dirac type tensor equation which reproduce some of
the properties of the spinor Dirac equation for an electron. Now we generalize
the Dirac type tensor equation in two ways.
Firstly we present the Dirac type tensor equation with nonabelian gauge
symmetry. We use unitary gauge Lie groups that are subgroups of the group
U(4), in particular U(1), U(1) × SU(2), SU(3) – main groups of the Stan-
dard Model. Note that in case of the gauge group SU(3) the Dirac type
tensor equation has 16 complex valued components of wave function. But
the Dirac equation for chromospinor has only 12 complex valued components.
Evidently these two systems of equations are not coincide.
Secondly we generalize all results on pseudo-Riemannian space (in [3]
equations are considered in Minkowski space). A method of generalization
was suggested in [2]. A key role in this method play the tensor Bµ. Now
we have found explicit formulas for Bµ via the components of metric tensor
gµν and its first derivatives. In the section 7 we give an interpretation of our
results in terms of Riemannian geometry.
1 Basic definitions.
More details about the following definitions can be found in [2].
1. LetM be a four dimensional differentiable manifolds with a local system
of coordinates xµ. Greek indices run over (1,2,3,4). Summation convention
over repeating indices is assumed. Suppose that there is a smooth twice
covariant tensor field (metric tensor) with components gµν = gµν(x), x ∈M
such that
• gµν = gνµ;
• g = det‖gµν‖ < 0;
• The signature of the matrix ‖gµν‖ is equal to −2.
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The matrix ‖gµν‖ composed from contravariant components of the metric
tensor is the inverse matrix to ‖gµν‖. The full set of {M, gµν} is called a
pseudo-Riemannian space and denoted by V.
2. Let Λk be the sets of exterior differential forms of rank k = 0, 1, 2, 3, 4 on
V (covariant antisymmetric tensor fields) and
Λ = Λ0 ⊕ . . .⊕ Λ4 = Λev ⊕ Λod, Λev = Λ0 ⊕ Λ2 ⊕ Λ4, Λod = Λ1 ⊕ Λ3.
Elements of Λ are called (nonhomogeneous) differential forms and elements
of Λk are called k-forms or differential forms of rank k. Elements of Λev and
Λod are called even and odd forms respectively. The set of smooth scalar
functions on V (invariants) is identified with the set of 0-forms Λ0. A k-form
U ∈ Λk can be written as
U =
1
k!
uν1...νkdx
ν1 ∧ . . . ∧ dxνk = ∑
µ1<···<µk
uµ1...µkdx
µ1 ∧ . . . ∧ dxµk , (1)
where the smooth functions uν1...νk = uν1...νk(x) are real valued components
of a covariant antisymmetric (uν1...νk = u[ν1...νk]) tensor field.
Let ΛCk, Λ
C, ΛCev, Λ
C
od be corresponding sets of complex valued differential
forms and K be a field of complex numbers C or real numbers R (ΛR = Λ).
Differential forms from ΛK can be written as linear combinations of the 16
basis differential forms
1, dxµ, dxµ1 ∧ dxµ2 , . . . , dx0 ∧ . . . ∧ dx3, µ1 < µ2 < . . . (2)
with coefficients from C∞(V,K) (smooth functions that map V into K). The
exterior product of differential forms is defined in the usual way. If U ∈
ΛKr , V ∈ ΛKs , then
U ∧ V = (−1)rsV ∧ U ∈ ΛKr+s.
3. Consider the Hodge star operator ⋆ : ΛKk → ΛK4−k. If U ∈ Λk has the
form (1), then
⋆U =
1
k!(4− k)!
√−g εµ1...µ4uµ1...µkdxµk+1 ∧ . . . ∧ dxµ4 ,
where uµ1...µk = gµ1ν1 . . . gµkνkuν1...νk , εµ1...µ4 is the sign of the permutation
(µ1 . . . µ4), and ε0123 = 1. It is easy to prove that for U ∈ ΛKk
⋆(⋆U) = (−1)k+1U.
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The form ⋆U is a covariant antisymmetric tensor with respect to changes
of coordinates with positive Jacobian.
4. Let us define the volume form
ℓ =
√−g dx0 ∧ dx1 ∧ dx2 ∧ dx3 =
√−g
4!
ǫµ1...µ4dx
µ1 ∧ . . . ∧ dxµ4 .
We have
(ℓ)2 = −1, kU ℓ = (−1)kℓ kU, for kU∈ Λk
that means ℓ commutes with all even forms and anticommutes with all odd
forms with respect to Clifford product (see below).
5. Further on we consider the bilinear operator Com : Λ2 × Λ2 → Λ2 such
that
Com(
1
2
aµ1µ2dx
µ1 ∧ dxµ2 , 1
2
bν1ν2dx
ν1 ∧ dxν2) = 1
2
aµ1µ2bν1ν2(−gµ1ν1dxµ2 ∧ dxν2
−gµ2ν2dxµ1 ∧ dxν1 + gµ1ν2dxµ2 ∧ dxν1 + gµ2ν1dxµ1 ∧ dxν2),
where aµ1µ2 = a[µ1µ2], bν1ν2 = b[ν1ν2]. Evidently, Com(U, V ) = −Com(V, U).
6. Now we define the Clifford product of differential forms with the aid of
the following formulas:
0
U
k
V =
k
V
0
U=
0
U ∧ kV= kV ∧ 0U,
1
U
k
V =
1
U ∧ kV − ⋆ ( 1U ∧⋆ kV ),
k
U
1
V =
k
U ∧ 1V + ⋆ (⋆ kU ∧ 1V ),
2
U
2
V =
2
U ∧ 2V + ⋆ ( 2U ∧⋆ 2V ) + 1
2
Com(
2
U,
2
V ),
2
U
3
V = ⋆
2
U ∧⋆ 3V − ⋆ ( 2U ∧⋆ 3V ),
2
U
4
V = ⋆
2
U ∧⋆ 4V ,
3
U
2
V = −⋆ 3U ∧⋆ 2V − ⋆ (⋆ 3U ∧ 2V ),
3
U
3
V = ⋆
3
U ∧⋆ 3V + ⋆ ( 3U ∧⋆ 3V ),
3
U
4
V = ⋆
3
U ∧⋆ 4V ,
4
U
2
V = ⋆
4
U ∧⋆ 2V ,
5
4U
3
V = −⋆ 4U ∧⋆ 3V ,
4
U
4
V = −⋆ 4U ∧⋆ 4V ,
where ranks of differential forms are denoted as
k
U∈ ΛKk and k = 0, 1, 2, 3, 4.
From this definition we may obtain properties of the Clifford product of
differential forms.
• If U, V ∈ ΛK, then UV ∈ ΛK.
• The axioms of associativity and distributivity are satisfied for the Clif-
ford product.
• dxµdxν = dxµ ∧ dxν + gµν , dxµdxν + dxνdxµ = 2gµν.
• Com(U, V ) = UV − V U for U, V ∈ ΛK2 .
7. Let us define the trace of differential forms as the linear operation Tr :
ΛK → ΛK0 such that
Tr(1) = 1, Tr(dxµ1 ∧ . . . ∧ dxµk) = 0 for k = 1, 2, 3, 4.
The reader can easily prove that
Tr(UV − V U) = 0, Tr(V −1UV ) = TrU, U, V ∈ ΛK.
In the second relation V is an invertible exterior form with respect to (w.r.t.)
Clifford product.
8. Let us define the involution ∗ : ΛKk → ΛKk . By definition, put
U∗ = (−1) k(k−1)2 Uˇ , U ∈ ΛKk ,
where Uˇ is the differential form with complex conjugated components (if
K = R, then Uˇ = U). It is readily seen that
U∗∗ = U, (UV )∗ = V ∗U∗, U, V ∈ ΛK.
9. Now we can define the spinor group
Spin(V) = {S ∈ Λev : S∗S = 1}.
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Note that this definition is valid only for space dimensions n < 6 (see [2]).
10. Let
uλ1...λrµ1...µkν1...νs(x) = u
λ1...λr
[µ1...µk ]ν1...νs
(x), x ∈ V
be components of a tensor field of rank (r, s+ k) antisymmetric with respect
to the first k covariant indices. One may consider the following objects:
Uλ1...λrν1...νs =
1
k!
uλ1...λrµ1...µkν1...νs dx
µ1 ∧ . . . ∧ dxµk (3)
which are formally written as k-forms. Under a change of coordinates (x)→
(x˜) the values (3) transform as components of tensor field of rank (r, s)
U˜α1...αrβ1...βs = q
ν1
β1
. . . qνsβsp
α1
λ1
. . . pαrλrU
λ1...λr
ν1...νs
, qνβ =
∂xν
∂x˜β
, pαλ =
∂x˜α
∂xλ
. (4)
The objects (3) are called tensors of rank (r, s) with values in ΛKk . We write
this as
Uλ1...λrν1...νs ∈ ΛKk⊤rs.
Elements of ΛK0⊤rs are ordinary tensor fields of rank (r, s) on V. Let us define
the Clifford product of the elements Uµ1...µrν1...νs ∈ ΛK⊤rs and V
α1...αp
β1...βq
∈ ΛK⊤pq as
the tensor field from ΛK⊤r+ps+q of the form
W
µ1...µrα1...αp
ν1...νsβ1...βq
= Uµ1...µrν1...νs V
α1...αp
β1...βq
,
where at right hand side there is the Clifford product of differential forms (the
indices µ1, . . . , µr, α1, . . . , αp, ν1, . . . , νs, β1, . . . , βq are fixed). In particular, it
follows from this definition that if Uµ1...µrν1...νs ∈ ΛK0⊤rs and V
α1...αp
β1...βq
∈ ΛK0⊤pq , then
the Clifford product of these elements is identified with the tensor product.
Note that dxµ = δµν dx
ν , where δµν is the Kronecker tensor (δ
µ
ν = 0 for
µ 6= ν and δµµ = 1). Hence, dxµ ∈ Λ1⊤1.
11. Let us define the Upsilon derivatives Υµ which act on tensors from ΛK⊤rs
by the following rules:
a) If tǫ1...ǫrν1...νs ∈ ΛK0⊤rs, then
Υµt
ǫ1...ǫr
ν1...νs
= ∂µt
ǫ1...ǫr
ν1...νs
.
b) Υµdx
ν = −Γνµλdxλ, where Γµµλ = Γµλµ are Christoffel symbols (Levi-
Civita connectedness components).
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c) If Uµ1...µrν1...νs ∈ ΛK⊤rs, V
α1...αp
β1...βq
∈ ΛK⊤pq , then
Υλ(U
µ1...µr
ν1...νs
V
α1...αp
β1...βq
) = (ΥλU
µ1...µr
ν1...νs
)V
α1...αp
β1...βq
+ Uµ1...µrν1...νs (ΥλV
α1...αp
β1...βq
).
d) If Uµ1...µrν1...νs , V
α1...αr
β1...βs
∈ ΛK⊤rs, then
Υλ(U
µ1...µr
ν1...νs
+ V α1...αrβ1...βs ) = ΥλU
µ1...µr
ν1...νs
+ΥλV
α1...αr
β1...βs
.
With the aid of these rules it is easy to calculate how operators Υµ act
on arbitrary tensor from ΛK⊤rs.
From the formula Υµdx
λ = −Γλµνdxν we get
(ΥµΥν −ΥνΥµ)dxλ = −Rλρµνdxρ, (5)
where
Rκλµν = ∂µΓ
κ
νλ − ∂νΓκµλ + ΓκµηΓηνλ − ΓκνηΓηµλ (6)
is rank (1,3) tensor, known as the curvature tensor (or Riemannian tensor).
12. Consider the antisymmetric tensor from Λ2⊤2
Cµν =
1
2
Rαβµνdx
α ∧ dxβ,
where Rαβµν = gαλR
λ
βµν . Let Bµ ∈ Λ2⊤1 be such that
ΥµBν −ΥνBµ − [Bµ, Bν ] = 1
2
Cµν . (7)
Existence of Bµ is considered in the Theorem 2.
13. Let us define the linear differential operators
Dµ = Υµ − [Bµ, · ].
Theorem 1. The operators Dµ satisfy Leibniz rule
Dµ(UV ) = (DµU)V + UDµV for U ∈ ΛK⊤rs, V ∈ ΛK⊤pq
and
DµDν −DνDµ = 0.
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Proof is by direct calculation•
Note that the volume form ℓ is constant w.r.t. these operators Dµ: Dµℓ =
0, µ = 0, 1, 2, 3.
14. Let differential forms H ∈ Λ1 and I,K ∈ Λ2 be such that
DµH = 0, DµI = 0, DµK = 0, µ = 0, 1, 2, 3; (8)
H2 = 1, I2 = K2 = −1, [H, I] = [H,K] = 0, {I,K} = 0,
where {I,K} = IK +KI.
We say that dxµ are primary generators of Λ and H, ℓ, I,K are secondary
generators of Λ.
The following differential forms from Λ are linear independent at every
point x ∈ V:
H, I,K,HI,HK, IK,HIK, ℓ, ℓH, ℓI, ℓK, ℓHI, ℓHK, ℓIK, ℓHIK, 1. (9)
These forms can be considered as basis forms of Λ.
In Minkowski space the concept of secondary generators of Clifford alge-
bra Cℓ(1, 3) was presented in [3].
Theorem 2. On the pseudo-Riemannian space V under consideration there
exists the solution H ∈ Λ1, I,K ∈ Λ2, Bµ ∈ Λ2⊤1 of the system of equation
DµBν −DνBµ + [Bµ, Bν ] = 1
2
Cµν , (10)
DµH = 0, DµI = DµK = 0, (11)
H2 = 1, I2 = K2 = −1, [H, I] = [H,K] = 0, {I,K} = 0. (12)
Proof. Consider local coordinates xµ such that
g11 > 0, det
∣∣∣∣∣
g11 g12
g12 g22
∣∣∣∣∣ < 0, det
∣∣∣∣∣∣∣
g11 g12 g13
g12 g22 g23
g13 g23 g33
∣∣∣∣∣∣∣
> 0. (13)
Let us take
H = dx1/
√
g11,
9
I =
−(−dx2 ∧ dx3 g11 − dx1 ∧ dx3 g12 + dx1 ∧ dx2 g13)√
g11
√
−((g13)2 g22) + 2 g12 g13 g23 − g11 (g23)2 − (g12)2 g33 + g11 g22 g33
(14)
K = −((dx3 ∧ dx4 (g12)2 − dx2 ∧ dx4 g12 g13 + dx2 ∧ dx3 g12 g14 − dx3 ∧
dx4 g11 g22 + dx1 ∧ dx4 g13 g22 − dx1 ∧ dx3 g14 g22 + dx2 ∧ dx4 g11 g23 − dx1 ∧
dx4 g12 g23 + dx1 ∧ dx2 g14 g23 − dx2 ∧ dx3 g11 g24 + dx1 ∧ dx3 g12 g24 − dx1 ∧
dx2 g13 g24)(
√−g ))/
√
(g12)2 − g11 g22
which satisfy the equalities (12). Then we may consider the equalities (11)
as the linear system of equations for the components bαβµ = b[αβ]µ of Bµ =
1
2
bαβµdx
α∧dxβ . The number of linear independent equations in this system of
equations is equal to 24 and equal to the number of components bαβµ, α < β.
A unique solution of this system of equations is written in Addendum. It can
be checked that this solution also satisfies (10). This completes the proof.
Let us emphasize that H = hµdx
µ has the form H = dx1/
√
g11 only in
the fixed coordinates xµ. We suppose that under a change of coordinates the
set of values hµ transforms as covector, i.e., H ∈ Λ1. This remark is also true
w.r.t. values I,K ∈ Λ2, Bµ ∈ Λ2⊤1 from (14) and from Addendum.
Note that if {H, I,K,Bµ} is a solution of the equations (10-12) and S ∈
Spin(V), then {S∗HS, S∗IS, S∗KS, S∗BµS − S∗ΥµS} is also the solution of
(10-12) (see Theorem 6).
15. Let us define the operation of Hermitian conjugation of differential
forms
U † = HU∗H, U ∈ ΛK.
Evidently,
U †† = U, (UV )† = V †U †
and α† = α¯ for α ∈ ΛK0 , where α¯ is the complex conjugated scalar function.
It is shown in ?? that in Minkowski space the operation of Hermitian
conjugation of exterior forms closely connected to the operation of Hermitian
conjugation of matrices.
16. Now we may define the operation ( · , · ) : ΛK × ΛK → ΛK0 by the
formula
(U, V ) = Tr(UV †), U, V ∈ ΛK.
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This operation has all the properties of Hermitian scalar product at every
point x ∈ V
(αU, V ) = α(U, V ), (U, αV ) = α¯(U, V ), (U, V ) = (V, U),
(U +W,V ) = (U, V ) + (W,V ), (U, U) > 0 for U 6= 0,
where U, V,W ∈ ΛK, α ∈ ΛK0 and the bar means complex conjugation.
17. Let us summarize properties of the operators Dµ
• DµDν −DνDµ = 0;
• Dµ(UV ) = (DµU)V + UDµV ;
• Dµ(U + V ) = DµU +DµV ;
• Dµℓ = 0;
• DµH = 0, DµI = 0, DµK = 0;
• Dµ(U∗) = (DµU)∗;
• Dµ(U †) = (DµU)†;
• Dµ(⋆U) = ⋆(DµU);
• Dµ(TrU) = Tr(DµU);
• Dµ(U, V ) = (DµU, V ) + (U,DµV ).
18. In what follows we use the four spaces of differential forms
ΛC,Λ,ΛCev,Λev. Each of these spaces can be considered at every point x ∈ V
as a bialgebra with two products, namely the exterior product and Clifford
product. We use notation Ω for any of these spaces. The operation ( · , · )
converts a space Ω into the unitary space at every point x ∈ V.
19. We say that the differential form U ∈ Ω is Hermitian if U † = U
and anti-Hermitian if U † = −U . Every differential form U ∈ Ω can be
decomposed into Hermitian and anti-Hermitian parts
U =
1
2
(U + U †) +
1
2
(U − U †).
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Let us denote
Ω− = {U ∈ Ω : U † = −U}.
This set of differential forms is closed w.r.t. commutator [ · , · ] and can be
considered as a real Lie algebra.
20. Let us introduce two differential forms N,E
N = i for Ω = ΛC,ΛCev;
N = ℓ for Ω = Λ;
N = I for Ω = Λev; (15)
E = 1 for Ω = ΛC,Λ;
E = H for Ω = ΛCev,Λev
with the following properties:
DµN = 0, DµE = 0, µ = 0, 1, 2, 3;
N2 = −1, E2 = 1, [N,E] = 0; (16)
N † = −N, E† = E.
21. Let us define the set of differential forms
Lmax = {U ∈ Ω− : [U,N ] = [U,E] = 0}.
This set of differential forms is closed w.r.t. the commutator [ · , · ] and can
be considered as Lie algebra.
Let t1, . . . tp be generators of Lmax such that
Dµtk = 0, t†k = −tk, (tk, tl) = δkl, (17)
[tk, N ] = [tk, E] = 0, [tk, tl] =
p∑
q=1
cqkltq k, l = 1, . . . p,
where cqkl are real structure constants of the Lie algebra Lmax. Hence
Lmax = L(t1, . . . tp) = {
p∑
k=1
fktk},
where fk = fk(x), x ∈ V are smooth real valued functions from C∞(V,R).
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22. Let L0 be a subalgebra of the Lie algebra Lmax such that the first d
(d ≤ p) generators t1, . . . , td of Lmax are the generators of L0
L0 = L(t1, . . . , td) = {
n∑
k=1
fktk}
and
[tk, tl] =
d∑
q=1
cqkltq, k, l = 1, . . . , d,
[tk, tr] =
p∑
q=d+1
cqkrtq, k = 1, . . . , d; r = d+ 1, . . . , p.
23. Let us define the set of differential forms
G0 = expL0 = {exp u : u ∈ L0},
where
exp u = 1 +
∞∑
k=1
1
k!
uk.
G0 is a unitary (U
−1 = U †) Lie group w.r.t. Clifford product and L0 is the
real Lie algebra of the Lie group G0.
24. Let us take
αµ = Hdxµ ∈ Λev⊤1
such that (αµ)† = αµ.
2 Lie algebras of anti-Hermitian differential
forms.
Let Ω = ΛC. Consider the following 16 differential forms from Ω:
iH, I,K,HI,HK, IK,HIK, ℓ, iℓH, iℓI, iℓK, ℓHI, ℓHK, iℓIK, ℓHIK, i (18)
and denote them by T1, . . . , T16. It is not hard to check that
DµTk = 0, T †k = −Tk, (Tk, Tl) = δkl, [Tk, Tl] = cqklTq, (19)
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where cqkl are real structure constants.
Every element U ∈ Ω− can be written in the form
U =
16∑
k=1
(U, Tk)Tk.
Hence these differential forms Tk are generators of the real Lie algebra Ω−
Ω− = L(T1, . . . T16) = {
16∑
k=1
fkTk},
where fk = fk(x), x ∈ V are real valued functions from C∞(V,R); It can
be shown [1] that the Lie algebra Ω− (considered at every point x ∈ V) is
isomorphic to the Lie algebra u(4) ≃ u(1) ⊕ su(4) of anti-Hermitian 4×4-
matrices. So
Ω− = L(T16)⊕ L(T1, . . . , T15),
where L(T16) is isomorphic to u(1) and L(T1, . . . , T15) is isomorphic to su(4)
(at every point x ∈ V).
For Ω = ΛC we have N = i, E = 1. Consequently, Lmax = Ω−. Continu-
ing this line of reasoning, we find real Lie algebras Ω− and Lmax for the cases
Ω = Λ,ΛCev,Λev.
Let us summarize our consideration of real Lie algebras of differential
forms.
• If Ω = ΛC, then N = i, E = 1 and
Ω− = Lmax = L(i)⊕ L(iH, I,K,HI, . . . , ℓHIK) ≃ u(1)⊕ su(4).
• If Ω = Λ, then N = ℓ, E = 1 and
Ω− = L(I,K,HI,HK, IK,HIK, ℓ, ℓHI, ℓHK, ℓHIK)≃ sp(2),
Lmax = L(ℓ)⊕ L(I,K, IK) ≃ u(1)⊕ su(2),
where sp(2) is the Lie algebra of the simplectic unitary Lie group.
• If Ω = ΛCev, then N = i, E = H and
Ω− = L(i)⊕ L(ℓ)⊕ L(I,K, IK, iℓI, iℓK, iℓIK)
≃ u(1)⊕ u(1)⊕ su(2)⊕ su(2),
Lmax = L(i)⊕ L(I,K, IK) ≃ u(1)⊕ su(2),
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• If Ω = Λev, then N = I, E = H and
Ω− = L(I)⊕ L(ℓ) ≃ u(1)⊕ u(1),
Lmax = L(I) ≃ u(1),
Let us consider differential forms t1, . . . , t16 such that tk =
∑16
p=1 r
p
kTp,
where real constants rpk are elements of an orthogonal 16×16-matrix. Evi-
dently
Dµtk = 0, t†k = −tk, (tk, tl) = δkl
and the set of differential forms {t1, . . . , t16} is another set of generators of the
real Lie algebra Ω− ≃ u(4) in case Ω = ΛC. We claim that this construction
allow us to describe a Lie subalgebra of Ω− that is isomorphic to the Lie
algebra su(3). Indeed, let us take the following generators of Ω−:
t1 = (HIK + IK)/
√
2,
t2 = (HK +K)/
√
2,
t3 = (−HI − I)/
√
2,
t4 = (ℓ− ℓIi)/
√
2,
t5 = (ℓHI + ℓHi)/
√
2,
t6 = (−ℓHK + ℓIKi)/
√
2,
t7 = (−ℓHIK − ℓKi)/
√
2,
t8 = (−HI − 2Hi+ I)/
√
6, (20)
t9 = (ℓHK + ℓIKi)/
√
2,
t10 = (−ℓHIK + ℓKi)/
√
2,
t11 = (ℓ+ ℓIi)/
√
2,
t12 = (−ℓHI + ℓHi)/
√
2,
t13 = (−HIK + IK)/
√
2,
t14 = (−HK +K)/
√
2,
t15 = (HI −Hi− I)/
√
3,
t16 = i,
which are expressed via generators T1, . . . , T16 from (18) with the aid of the
orthogonal matrix. It can be easily checked that differential forms t1, . . . , t8
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are the generators of the real Lie algebra L0 = L(t1, . . . , t8) isomorphic to
the Lie algebra su(3) and
[tk, tl] =
8∑
q=1
cqkltq, k, l = 1, . . . , 8,
[tk, tr] =
15∑
q=9
cqkrtq, k = 1, . . . , 8; r = 9, . . . , 16.
3 Main equations.
Now we may write down the main system of equations
DµBν −DνBµ + [Bµ, Bν ] = 1
2
Cµν , (21)
DµN = 0, DµE = 0, µ = 0, 1, 2, 3; (22)
N2 = −1, E2 = 1, [N,E] = 0; N † = −N, E† = E. (23)
dxµ(DµΨ+ΨAµ +BµΨ)N −mΨE = 0, (24)
DµAν −DνAµ − [Aµ, Aν ] = Fµν , (25)
1√−gDµ(
√−gF µν)− [Aµ, F µν ] = Jν , (26)
Jν =
1
4
d∑
k=1
(E{E, {N,Ψ†ανΨ}}, tk)tk, (27)
where Ψ ∈ Ω, Aµ ∈ L0⊤1, Fµν ∈ L0⊤2, F µν = gµαgνβFαβ ∈ L0⊤2,
Bµ ∈ Λ2⊤1, m is a real constant. The values Jν = Jν(Ψ, E,N) ∈ L0⊤1 also
can be defined with the aid of the following equalities:
Jν(1) = Ψ
†ανΨ ∈ Ω⊤1 : (Jν(1))† = Jν(1).
Jν(2) =
1
2
{N, Jν(1)} ∈ Ω−⊤1 : [Jν(2), N ] = 0, (28)
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Jν(3) =
1
2
E{E, Jν(2)} ∈ Lmax⊤1 : [Jν(3), N ] = [Jν(3), E] = 0,
Jν =
d∑
k=1
(Jν(3), tk)tk ∈ L0⊤1,
where t1, . . . td are the generators (17) of the real Lie algebra L0 (see subsec-
tion 22 of section 1).
We say that the equation (24) is a Dirac type tensor equation and the
equations (25,26) are Yang-Mills equations.
The full set of {Aµ, Fµν} is called the Yang-Mills field; Aµ is potential
and Fµν is strength of the Yang-Mills field.
In the Standard Model of elementary particles three real Lie algebras
are of special interest. Namely the Lie algebra su(3) is used in Quantum
Chromodynamics, u(1) ⊕ su(2) is used in Electroweak Theory, and u(1) is
used in Quantum Electrodynamics. Taking these Lie algebras into account,
we consider five special cases of equations (21-27).
(i) Ω = ΛC, N = i, E = 1,
L0 = Lmax ≃ u(1)⊕ su(4), Jν = iΨ†ανΨ;
(ii) Ω = ΛC, N = i, E = 1,
L0 = L(t1, . . . , t8) ≃ su(3), Jν =
8∑
k=1
(iΨανΨ, tk)tk,
where t1, . . . , t8 from (20);
(iii) Ω = ΛCev, N = i, E = H ,
L0 = Lmax ≃ u(1)⊕ su(2), Jν = 1
2
H{H, iΨ†ανΨ};
(iv) Ω = Λ, N = ℓ, E = 1,
L0 = Lmax ≃ u(1)⊕ su(2), Jν = 1
2
{ℓ,Ψ†ανΨ};
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(v) Ω = Λev, N = I, E = H ,
L0 = Lmax = L(I) ≃ u(1), Jν = 1
4
H{H, {I,Ψ†ανΨ}}.
The full set of {Ψ, E,N} is called the wave field of the equations (22-24).
In the system of equations (21-27) we consider the wave field {Ψ, E,N},
the Yang-Mills field {Aµ, Fµν}, and the field Bµ as unknown values.
4 Nonabelian charge conservation laws.
Theorem 3. If the values Ψ ∈ Ω, Aµ ∈ L0⊤1, Bµ ∈ Λ2⊤1, N ∈ Ω, E ∈ Ω
satisfy Dirac type tensor equation (24) and the values Jµ ∈ L0⊤1 are defined
in (27) or, equivalently, in (28), then Jµ satisfy the equality
1√−gDµ(
√−gJµ)− [Aµ, Jµ] = 0. (29)
The equality (29) is called the nonabelian charge conservation law for the
Dirac type tensor equation.
Proof. Let us multiply the equation (24) from the left by H and from the
right by −N . We denote the left hand side of resulting equation by
Q = αµ(DµΨ+ΨAµ +BµΨ) +mHΨEN. (30)
Then
Q† = (DµΨ† −AµΨ† +Ψ†B†µ)αµ −mNEΨ†H.
Consider the expression
Y(1) = Ψ
†Q +Q†Ψ
= Dµ(Ψ†αµΨ) + Ψ†(−Dµαµ + αµBµ +B†µαµ)Ψ− [Aµ,Ψ†αµΨ] +m[Ψ†HΨ, EN ]
= Dµ(Ψ†αµΨ) + ΓµµνΨ†ανΨ− [Aµ,Ψ†αµΨ] +m[Ψ†HΨ, EN ]
=
1√−gDµ(
√−gJµ(1))− [Aµ, Jµ(1)] +m[Ψ†HΨ, EN ].
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Here we use the formulas
Dµαµ = −Γµµναν + αµBµ +B†µαµ,
DµJµ(1) + ΓµµνJν(1) =
1√−gDµ(
√−gJµ(1)),
see [2].
If we take
Y(2) =
1
2
{N, Y(1)},
Y(3) =
1
2
E{E, Y(2)},
then we get
Y(3) =
1√−gDµ(
√−gJµ(3))− [Aµ, Jµ(3)] +
1
4
mE{E, {N, [Ψ†HΨ, EN ]}}.
Using the equalities N2 = −1, E2 = 1, [N,E] = 0, it is easy to check that
E{E, {N, [Ψ†HΨ, EN ]}} ≡ 0.
Hence,
Y(3) =
1√−gDµ(
√−gJµ(3))− [Aµ, Jµ(3)].
Finally, we take
Y =
d∑
k=1
(Y(3), tk)tk,
where the generators t1, . . . , td of the Lie algebra L0 are defined in the sub-
section 22 of section 1. In this case we obtain
Y =
1√−gDµ(
√−gJµ)− [Aµ, Jµ].
By assumption, Ψ, N, E,Aµ, Bµ satisfy (24). Consequently, Q = Y(1) =
Y(2) = Y(3) = Y = 0 and J
µ satisfy equality (29). This completes the proof.
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Theorem 4. Let us denote the left hand side of the equation (26) by Rν
Rν =
1√−gDµ(
√−gF µν)− [Aµ, F µν ],
where Fµν satisfy (25). Then
1√−gDµ(
√−g Rµ)− [Aµ, Rµ] = 0.
The proof is by direct calculation.
This theorem means that the equation (26) is consistent with the non-
abelian charge conservation law (29).
5 Unitary and Spin gauge symmetries.
Theorem 5. Suppose that the following conditions hold:
1. The values
Ψ ∈ Ω, Aµ ∈ L0⊤1, Fµν ∈ L0⊤2, Jν ∈ L0⊤1,
E ∈ Ω, N ∈ Ω, Bµ ∈ Λ2⊤1, Cµν ∈ Λ2⊤2 (31)
and operators Dµ = Υµ − [Bµ, · ] satisfy equations (21-27).
2. U = U(x) is a smooth map V → G0, where the Lie group G0 is defined
in subsection 23 of section 1.
Then the values with acute
Ψ´ = ΨU, A´µ = U
−1AµU − U−1DµU, F´µν = U−1FµνU, J´ν = U−1JνU,
{E´, N´ , B´µ, C´µν} = {E,N,Bµ, Cµν} (32)
and the operators D´µ = Dµ satisfy the same equations (21-27).
The proof is straightforward.
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Theorem 6. If the values (31) and operators Dµ satisfy the equations (21-
27) and S = S(x) is a smooth map V → Spin(V), then the values with
check
Ψˇ = ΨS, Aˇµ = S
−1AµS, Fˇµν = S
−1FµνS, Jˇ
ν = S−1JνS,
Eˇ = S−1ES, Nˇ = S−1NS, Bˇµ = S
−1BµS − S−1ΥµS, Cˇµν = Cµν(33)
and the operators Dˇµ = Υµ − [Bˇµ, · ] satisfy the same equations (21-27).
The proof is by direct calculation. Note that for values with check the
operation of Hermitian conjugation is defined by
Uˇ † = HˇUˇ∗Hˇ,
where Hˇ = S−1HS.
Invariance of the equation (21) is proved in [2].
6 Lagrangians.
Denote
P = dxµ(DµΨ+ΨAµ +BµΨ)N −mΨE. (34)
We have Ψ ∈ Ω
Ψ = ψ + ψµdx
µ +
1
2!
ψµ1µ2dx
µ1 ∧ dxµ2 + . . .+ 1
4!
ψµ1...µ4dx
µ1 ∧ . . . ∧ dxµ4 ,
ψµ1...µk = ψ[µ1...µk ] = pµ1...µk + iqµ1...µk ,
where pµ1...µk , qµ1...µk are real valued components of a covariant antisymmet-
ric tensor fields of rank k and
qµ1...µk ≡ 0 (k = 0, . . . 4) for Ω = Λ,Λev,
ψµ, ψµ1µ2µ3 ≡ 0 for Ω = ΛCev,Λev.
Consider the Lagrangian (Lagrangian density)
L0 =
√−g
4
Tr(H(Ψ∗P + P ∗Ψ)).
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A Dirac type tensor equation can be derived from L0 with the aid of the
following formulas:
uµ1...µk = (
∂L0
∂pµ1...µk
− ∂ν ∂L0
∂pµ1...µk ,ν
) + i(
∂L0
∂qµ1...µk
− ∂ν ∂L0
∂qµ1...µk ,ν
),
uν1...νk = u[ν1...νk] = gµ1ν1 . . . gµkνku
µ1...µk ,
U =
4∑
k=0
1
k!
uν1...νkdx
ν1 ∧ . . . ∧ dxνk ,
P´ =
1√−gUH,
where pµ1...µk ,ν = ∂νpµ1...µk , qµ1...µk ,ν = ∂νqµ1...µk . Now we may check that
P´ ≡ P .
Let us consider the Lagrangian for Yang-Mills equations. Denote
Fµν = DµAν −DνAµ − [Aµ, Aν ],
F αβ = gαµgβνFµν ,
Y ν =
1√−gDµ(
√−g F µν)− [Aµ, F µν ]− Jν ,
where Jν are from (27) and Aµ = a
k
µtk, (tk = t
k are defined in the subsection
22 of section 1).
The Yang-Mills Lagrangian has the form
L1 =
√−g
4
Tr(FµνF
µν)
and the complete Lagrangian for the Dirac type tensor equation together
with Yang-Mills equations
L = L1 + 2nL0.
Here n = 4 is the dimension of space-time. Denote
yµk =
∂L
∂akµ
− ∂ν ∂L
∂akµ,ν
,
Y´ ν =
1√−g y
µ
k t
k.
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Now we may check that
Y´ ν ≡ Y ν .
Hence the Dirac type tensor equation and the Yang-Mills equations can be
derived from the Lagrangian L.
We hope that equations (21-27) can be used to describe fermions in space-
time with presence of gravitation. From this point of view it is reasonable to
add the Einstein-Hilbert Lagrangian
√−g R to L and variate the resulting
Lagrangian w.r.t. components of metric tensor gµν .
7 A geometrical interpretation of results.
We consider a pseudo-Riemannian space V with the Levi-Civita connection
Γλµν , with the covariant derivatives ∇µ, with the Upsilon derivatives Υµ,
and with the curvature tensor Rαβµν defined in section 1. Suppose that a
new structure on V is given. Namely the affine connection Γˇλµν . We get
definitions of the covariant derivatives ∇ˇµ, the Upsilon derivatives Υˇµ, and
the curvature tensor Rˇαβµν , replacing Γ
λ
µν by Γˇ
λ
µν in the corresponding
definitions in section 1. We suppose that the affine connection Γˇλµν is metric
compatible
∇ˇκgµν = 0, ∇ˇκgµν = 0.
It is convenient to introduce the tensor
Kλµν = Γˇ
λ
µν − Γλµν ,
which we, following [10], will call contorsion. It is easy to see that the affine
connection is metric compatible iff Kνµλ = −Kλµν . Torsion is expressed via
contorsion as
T λµν = K
λ
µν −Kλνµ.
Conversely, the contorsion of a metric compatible connection is expressed via
torsion as
Kλµν =
1
2
(T λµν + Tµ
λ
ν + Tν
λ
µ)
(see [10], formula (7.35)).
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So we arrive at the affine space {M, gµν, Kλµν}. Let us define the tensors
bαβµ = −1
2
Kαµβ,
Bµ =
1
2
bαβµdx
α ∧ dxβ ∈ Λ2⊤1,
Cµν =
1
2
Rαβµνdx
α ∧ dxβ ∈ Λ2⊤2.
Theorem 7. If U ∈ Λ, then
ΥˇµU = ΥµU − [Bµ, U ].
Proof follows from the formula
Kνµλdx
λ = [Bµ, dx
ν ],
which can be easily checked.
Theorem 8. (F.E.Burstall, A.D.King, N.G.Marchuk, D.G.Vassiliev) The
following equality holds
ΥµBν −ΥνBµ − [Bµ, Bν ] = 1
2
Cµν
iff
Rˇαβµν = 0.
Proof. Suppose that the tensors qαβµν and Rˇαβµν are such that
1
2
qαβµνdx
α ∧ dxβ = ΥµBν −ΥνBµ − [Bµ, Bν ]− 1
2
Cµν
and
Rˇαλµν = gκα(∂µΓˇ
κ
νλ − ∂ν Γˇκµλ + ΓˇκµηΓˇηνλ − ΓˇκνηΓˇηµλ). (35)
Then
Rˇαβµν = −2qαβµν .
This completes the proof.
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8 Space dimensions n = 2, 3.
LetM3 be a three dimensional differentiable manifolds with local coordinates
x1, x2, x3 and with the smooth metric tensor gµν = gνµ, (µ, ν = 1, 2, 3) that
satisfy (13). Denote by V3 the pseudo-Riemannian space {M3, g} with the
Levi-Civita connection Γλµν , with the covariant derivatives ∇µ, with the
Upsilon derivatives Υµ, and with the curvature tensor Rαβµν .
Theorem 10. On the pseudo-Riemannian space V3 there exists the solution
H ∈ Λ1, I ∈ Λ2, Bµ ∈ Λ2⊤1 of the system of equations that consists of (21)
and
DµH = 0, DµI = 0, (36)
H2 = 1, I2 = −1, [H, I] = 0, (37)
where Dµ = Υµ − [Bµ, · ].
Proof. Evidently H, I from (14) satisfy (37). It can be checked that the
following components bαβµ = b[αβ]µ of Bµ =
1
2
bαβµdx
α ∧ dxβ satisfy (21) and
(36):
b121 = (∂1g33 g13 g22 g23−∂1g33 g12 g223−2 ∂1g23 g13 g22 g33+2 ∂1g23 g12 g23 g33+
∂1g22 g13 g23 g33 − ∂2g11 g223 g33 − ∂1g22 g12 g233 + ∂2g11 g22 g233)/(4 g33 (−g223 +
g22 g33))
b122 = (∂2g33 g13 g22 g23−∂2g33 g12 g223−2 ∂2g23 g13 g22 g33+2 ∂2g23 g12 g23 g33+
∂2g22 g13 g23 g33 + ∂1g22 g
2
23 g33 − 2 ∂2g12 g223 g33 − ∂2g22 g12 g233 − ∂1g22 g22 g233 +
2 ∂2g12 g22 g
2
33)/(4 g33 (−g223 + g22 g33))
b123 = (∂3g33 g13 g22 g23−∂3g33 g12 g223−2 ∂3g23 g13 g22 g33+2 ∂3g23 g12 g23 g33+
∂3g22 g13 g23 g33 + ∂1g23 g
2
23 g33 − ∂2g13 g223 g33 − ∂3g12 g223 g33 − ∂3g22 g12 g233 −
∂1g23 g22 g
2
33 + ∂2g13 g22 g
2
33 + ∂3g12 g22 g
2
33)/(4 g33 (−g223 + g22 g33))
b131 = (−(∂1g33 g13) + ∂3g11 g33)/(4 g33)
b132 = (−(∂2g33 g13)− ∂1g23 g33 + ∂2g13 g33 + ∂3g12 g33)/(4 g33)
b133 = (−(∂3g33 g13)− ∂1g33 g33 + 2 ∂3g13 g33)/(4 g33)
b231 = −(∂1g33 g23 − ∂1g23 g33 + ∂2g13 g33 − ∂3g12 g33)/(4 g33)
b232 = −(∂2g33 g23 − ∂3g22 g33)/(4 g33)
b233 = −(∂3g33 g23 + ∂2g33 g33 − 2 ∂3g23 g33)/(4 g33)
Note that {S∗HS, S∗IS, S∗BµS−S∗ΥµS} also satisfy (36-37), where S ∈
Spin(V3).
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Let M2 be a two dimensional differentiable manifolds with local coordi-
nates x1, x2 and with the smooth metric tensor gµν = gνµ, (µ, ν = 1, 2) such
that g11 > 0, g11g22− (g12)2 < 0. Denote by V2 the pseudo-Riemannian space
{M2, g} with Γλµν ,∇µ,Υµ,Dµ, Rαβµν , Cµν defined in section 1.
Theorem 11. On the pseudo-Riemannian space V2 there exists the solution
H ∈ Λ1, Bµ ∈ Λ2⊤1 of the system of equations that consists of (21) and
DµH = 0, H2 = 1. (38)
Proof. We may take
b121 = −(∂1g22 g12 − ∂2g11 g22)/(4 g22)
b122 = −(∂2g22 g12 + ∂1g22 g22 − 2 ∂2g12 g22)/(4 g22) )
and check that H = dx1/
√
g11 and Bµ =
1
2
bαβµdx
α ∧ dxβ satisfy (21) and
(38).
9 Addendum.
Here are formulas for the components bαβµ of Bµ. These Bµ together with
the H, I,K from (14) satisfy equations (10-12)
b121 = (∂1g44 g14 g23 g
2
24 g33 g34−∂1g44 g13 g324 g33 g34−2 ∂1g44 g14 g223 g24 g234+
2 ∂1g44 g13 g23 g
2
24 g
2
34+∂1g44 g14 g22 g23 g
3
34−∂1g44 g13 g22 g24 g334+∂1g44 g14 g223 g24 g33 g44−
∂1g44 g13 g23 g
2
24 g33 g44 − 2 ∂1g34 g14 g23 g224 g33 g44 + 2 ∂1g34 g13 g324 g33 g44 −
∂1g44 g14 g22 g24 g
2
33 g44+∂1g44 g12 g
2
24 g
2
33 g44+2 ∂1g34 g14 g
2
23 g24 g34 g44−2 ∂1g34 g13 g23 g224 g34 g44+
∂1g33 g14 g23 g
2
24 g34 g44 − ∂1g33 g13 g324 g34 g44 + 2 ∂1g44 g13 g22 g24 g33 g34 g44 +
2 ∂1g34 g14 g22 g24 g33 g34 g44−2 ∂1g44 g12 g23 g24 g33 g34 g44−2 ∂1g34 g12 g224 g33 g34 g44−
∂1g44 g13 g22 g23 g
2
34 g44−2 ∂1g34 g14 g22 g23 g234 g44+∂1g44 g12 g223 g234 g44+2 ∂1g24 g14 g223 g234 g44−
∂1g33 g14 g22 g24 g
2
34 g44 + 2 ∂1g34 g12 g23 g24 g
2
34 g44 − 2 ∂1g24 g13 g23 g24 g234 g44 −
2 ∂1g23 g14 g23 g24 g
2
34 g44+∂1g33 g12 g
2
24 g
2
34 g44+2 ∂1g23 g13 g
2
24 g
2
34 g44−2 ∂1g24 g14 g22 g33 g234 g44+
2 ∂1g24 g12 g24 g33 g
2
34 g44+∂1g22 g14 g24 g33 g
2
34 g44−∂2g11 g224 g33 g234 g44+2 ∂1g24 g13 g22 g334 g44+
2 ∂1g23 g14 g22 g
3
34 g44−2 ∂1g24 g12 g23 g334 g44−∂1g22 g14 g23 g334 g44−2 ∂1g23 g12 g24 g334 g44−
∂1g22 g13 g24 g
3
34 g44+2 ∂2g11 g23 g24 g
3
34 g44+∂1g22 g12 g
4
34 g44−∂2g11 g22 g434 g44−
∂1g33 g14 g
2
23 g24 g
2
44+∂1g33 g13 g23 g
2
24 g
2
44−2 ∂1g24 g14 g223 g33 g244−2 ∂1g34 g13 g22 g24 g33 g244+
2 ∂1g34 g12 g23 g24 g33 g
2
44 + 2 ∂1g24 g13 g23 g24 g33 g
2
44 + 2 ∂1g23 g14 g23 g24 g33 g
2
44 −
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2 ∂1g23 g13 g
2
24 g33 g
2
44+2 ∂1g24 g14 g22 g
2
33 g
2
44−2 ∂1g24 g12 g24 g233 g244−∂1g22 g14 g24 g233 g244+
∂2g11 g
2
24 g
2
33 g
2
44+2 ∂1g34 g13 g22 g23 g34 g
2
44+∂1g33 g14 g22 g23 g34 g
2
44−2 ∂1g34 g12 g223 g34 g244+
∂1g33 g13 g22 g24 g34 g
2
44 − 2 ∂1g33 g12 g23 g24 g34 g244 − 2 ∂1g24 g13 g22 g33 g34 g244 −
2 ∂1g23 g14 g22 g33 g34 g
2
44 + 2 ∂1g24 g12 g23 g33 g34 g
2
44 + ∂1g22 g14 g23 g33 g34 g
2
44 +
2 ∂1g23 g12 g24 g33 g34 g
2
44 + ∂1g22 g13 g24 g33 g34 g
2
44 − 2 ∂2g11 g23 g24 g33 g34 g244 −
2 ∂1g23 g13 g22 g
2
34 g
2
44+2 ∂1g23 g12 g23 g
2
34 g
2
44+∂1g22 g13 g23 g
2
34 g
2
44−∂2g11 g223 g234 g244−
2 ∂1g22 g12 g33 g
2
34 g
2
44+2 ∂2g11 g22 g33 g
2
34 g
2
44−∂1g33 g13 g22 g23 g344+∂1g33 g12 g223 g344+
2 ∂1g23 g13 g22 g33 g
3
44−2 ∂1g23 g12 g23 g33 g344−∂1g22 g13 g23 g33 g344+∂2g11 g223 g33 g344+
∂1g22 g12 g
2
33 g
3
44−∂2g11 g22 g233 g344)/(4 g44 (−g234+g33 g44) (g224 g33−2 g23 g24 g34+
g22 g
2
34 + g
2
23 g44 − g22 g33 g44))
b122 = (∂2g44 g14 g23 g
2
24 g33 g34−∂2g44 g13 g324 g33 g34−2 ∂2g44 g14 g223 g24 g234+
2 ∂2g44 g13 g23 g
2
24 g
2
34+∂2g44 g14 g22 g23 g
3
34−∂2g44 g13 g22 g24 g334+∂2g44 g14 g223 g24 g33 g44−
∂2g44 g13 g23 g
2
24 g33 g44 − 2 ∂2g34 g14 g23 g224 g33 g44 + 2 ∂2g34 g13 g324 g33 g44 −
∂2g44 g14 g22 g24 g
2
33 g44+∂2g44 g12 g
2
24 g
2
33 g44+2 ∂2g34 g14 g
2
23 g24 g34 g44−2 ∂2g34 g13 g23 g224 g34 g44+
∂2g33 g14 g23 g
2
24 g34 g44 − ∂2g33 g13 g324 g34 g44 + 2 ∂2g44 g13 g22 g24 g33 g34 g44 +
2 ∂2g34 g14 g22 g24 g33 g34 g44−2 ∂2g44 g12 g23 g24 g33 g34 g44−2 ∂2g34 g12 g224 g33 g34 g44−
∂2g44 g13 g22 g23 g
2
34 g44−2 ∂2g34 g14 g22 g23 g234 g44+∂2g44 g12 g223 g234 g44+2 ∂2g24 g14 g223 g234 g44−
∂2g33 g14 g22 g24 g
2
34 g44 + 2 ∂2g34 g12 g23 g24 g
2
34 g44 − 2 ∂2g24 g13 g23 g24 g234 g44 −
2 ∂2g23 g14 g23 g24 g
2
34 g44+∂2g33 g12 g
2
24 g
2
34 g44+2 ∂2g23 g13 g
2
24 g
2
34 g44−2 ∂2g24 g14 g22 g33 g234 g44+
2 ∂2g24 g12 g24 g33 g
2
34 g44+∂2g22 g14 g24 g33 g
2
34 g44+∂1g22 g
2
24 g33 g
2
34 g44−2 ∂2g12 g224 g33 g234 g44+
2 ∂2g24 g13 g22 g
3
34 g44+2 ∂2g23 g14 g22 g
3
34 g44−2 ∂2g24 g12 g23 g334 g44−∂2g22 g14 g23 g334 g44−
2 ∂2g23 g12 g24 g
3
34 g44−∂2g22 g13 g24 g334 g44−2 ∂1g22 g23 g24 g334 g44+4 ∂2g12 g23 g24 g334 g44+
∂2g22 g12 g
4
34 g44 + ∂1g22 g22 g
4
34 g44 − 2 ∂2g12 g22 g434 g44 − ∂2g33 g14 g223 g24 g244 +
∂2g33 g13 g23 g
2
24 g
2
44−2 ∂2g24 g14 g223 g33 g244−2 ∂2g34 g13 g22 g24 g33 g244+2 ∂2g34 g12 g23 g24 g33 g244+
2 ∂2g24 g13 g23 g24 g33 g
2
44 + 2 ∂2g23 g14 g23 g24 g33 g
2
44 − 2 ∂2g23 g13 g224 g33 g244 +
2 ∂2g24 g14 g22 g
2
33 g
2
44−2 ∂2g24 g12 g24 g233 g244−∂2g22 g14 g24 g233 g244−∂1g22 g224 g233 g244+
2 ∂2g12 g
2
24 g
2
33 g
2
44+2 ∂2g34 g13 g22 g23 g34 g
2
44+∂2g33 g14 g22 g23 g34 g
2
44−2 ∂2g34 g12 g223 g34 g244+
∂2g33 g13 g22 g24 g34 g
2
44 − 2 ∂2g33 g12 g23 g24 g34 g244 − 2 ∂2g24 g13 g22 g33 g34 g244 −
2 ∂2g23 g14 g22 g33 g34 g
2
44 + 2 ∂2g24 g12 g23 g33 g34 g
2
44 + ∂2g22 g14 g23 g33 g34 g
2
44 +
2 ∂2g23 g12 g24 g33 g34 g
2
44 + ∂2g22 g13 g24 g33 g34 g
2
44 + 2 ∂1g22 g23 g24 g33 g34 g
2
44 −
4 ∂2g12 g23 g24 g33 g34 g
2
44−2 ∂2g23 g13 g22 g234 g244+2 ∂2g23 g12 g23 g234 g244+∂2g22 g13 g23 g234 g244+
∂1g22 g
2
23 g
2
34 g
2
44−2 ∂2g12 g223 g234 g244−2 ∂2g22 g12 g33 g234 g244−2 ∂1g22 g22 g33 g234 g244+
4 ∂2g12 g22 g33 g
2
34 g
2
44−∂2g33 g13 g22 g23 g344+∂2g33 g12 g223 g344+2 ∂2g23 g13 g22 g33 g344−
2 ∂2g23 g12 g23 g33 g
3
44−∂2g22 g13 g23 g33 g344−∂1g22 g223 g33 g344+2 ∂2g12 g223 g33 g344+
∂2g22 g12 g
2
33 g
3
44+∂1g22 g22 g
2
33 g
3
44−2 ∂2g12 g22 g233 g344)/(4 g44 (−g234+g33 g44) (g224 g33−
2 g23 g24 g34 + g22 g
2
34 + g
2
23 g44 − g22 g33 g44))
b123 = (∂3g44 g14 g23 g
2
24 g33 g34−∂3g44 g13 g324 g33 g34−2 ∂3g44 g14 g223 g24 g234+
27
2 ∂3g44 g13 g23 g
2
24 g
2
34+∂3g44 g14 g22 g23 g
3
34−∂3g44 g13 g22 g24 g334+∂3g44 g14 g223 g24 g33 g44−
∂3g44 g13 g23 g
2
24 g33 g44 − 2 ∂3g34 g14 g23 g224 g33 g44 + 2 ∂3g34 g13 g324 g33 g44 −
∂3g44 g14 g22 g24 g
2
33 g44+∂3g44 g12 g
2
24 g
2
33 g44+2 ∂3g34 g14 g
2
23 g24 g34 g44−2 ∂3g34 g13 g23 g224 g34 g44+
∂3g33 g14 g23 g
2
24 g34 g44 − ∂3g33 g13 g324 g34 g44 + 2 ∂3g44 g13 g22 g24 g33 g34 g44 +
2 ∂3g34 g14 g22 g24 g33 g34 g44−2 ∂3g44 g12 g23 g24 g33 g34 g44−2 ∂3g34 g12 g224 g33 g34 g44−
∂3g44 g13 g22 g23 g
2
34 g44−2 ∂3g34 g14 g22 g23 g234 g44+∂3g44 g12 g223 g234 g44+2 ∂3g24 g14 g223 g234 g44−
∂3g33 g14 g22 g24 g
2
34 g44 + 2 ∂3g34 g12 g23 g24 g
2
34 g44 − 2 ∂3g24 g13 g23 g24 g234 g44 −
2 ∂3g23 g14 g23 g24 g
2
34 g44+∂3g33 g12 g
2
24 g
2
34 g44+2 ∂3g23 g13 g
2
24 g
2
34 g44−2 ∂3g24 g14 g22 g33 g234 g44+
2 ∂3g24 g12 g24 g33 g
2
34 g44+∂3g22 g14 g24 g33 g
2
34 g44+∂1g23 g
2
24 g33 g
2
34 g44−∂2g13 g224 g33 g234 g44−
∂3g12 g
2
24 g33 g
2
34 g44+2 ∂3g24 g13 g22 g
3
34 g44+2 ∂3g23 g14 g22 g
3
34 g44−2 ∂3g24 g12 g23 g334 g44−
∂3g22 g14 g23 g
3
34 g44−2 ∂3g23 g12 g24 g334 g44−∂3g22 g13 g24 g334 g44−2 ∂1g23 g23 g24 g334 g44+
2 ∂2g13 g23 g24 g
3
34 g44+2 ∂3g12 g23 g24 g
3
34 g44+∂3g22 g12 g
4
34 g44+∂1g23 g22 g
4
34 g44−
∂2g13 g22 g
4
34 g44 − ∂3g12 g22 g434 g44 − ∂3g33 g14 g223 g24 g244 + ∂3g33 g13 g23 g224 g244 −
2 ∂3g24 g14 g
2
23 g33 g
2
44 − 2 ∂3g34 g13 g22 g24 g33 g244 + 2 ∂3g34 g12 g23 g24 g33 g244 +
2 ∂3g24 g13 g23 g24 g33 g
2
44 + 2 ∂3g23 g14 g23 g24 g33 g
2
44 − 2 ∂3g23 g13 g224 g33 g244 +
2 ∂3g24 g14 g22 g
2
33 g
2
44−2 ∂3g24 g12 g24 g233 g244−∂3g22 g14 g24 g233 g244−∂1g23 g224 g233 g244+
∂2g13 g
2
24 g
2
33 g
2
44+∂3g12 g
2
24 g
2
33 g
2
44+2 ∂3g34 g13 g22 g23 g34 g
2
44+∂3g33 g14 g22 g23 g34 g
2
44−
2 ∂3g34 g12 g
2
23 g34 g
2
44 + ∂3g33 g13 g22 g24 g34 g
2
44 − 2 ∂3g33 g12 g23 g24 g34 g244 −
2 ∂3g24 g13 g22 g33 g34 g
2
44 − 2 ∂3g23 g14 g22 g33 g34 g244 + 2 ∂3g24 g12 g23 g33 g34 g244 +
∂3g22 g14 g23 g33 g34 g
2
44 + 2 ∂3g23 g12 g24 g33 g34 g
2
44 + ∂3g22 g13 g24 g33 g34 g
2
44 +
2 ∂1g23 g23 g24 g33 g34 g
2
44 − 2 ∂2g13 g23 g24 g33 g34 g244 − 2 ∂3g12 g23 g24 g33 g34 g244 −
2 ∂3g23 g13 g22 g
2
34 g
2
44+2 ∂3g23 g12 g23 g
2
34 g
2
44+∂3g22 g13 g23 g
2
34 g
2
44+∂1g23 g
2
23 g
2
34 g
2
44−
∂2g13 g
2
23 g
2
34 g
2
44−∂3g12 g223 g234 g244−2 ∂3g22 g12 g33 g234 g244−2 ∂1g23 g22 g33 g234 g244+
2 ∂2g13 g22 g33 g
2
34 g
2
44+2 ∂3g12 g22 g33 g
2
34 g
2
44−∂3g33 g13 g22 g23 g344+∂3g33 g12 g223 g344+
2 ∂3g23 g13 g22 g33 g
3
44−2 ∂3g23 g12 g23 g33 g344−∂3g22 g13 g23 g33 g344−∂1g23 g223 g33 g344+
∂2g13 g
2
23 g33 g
3
44 + ∂3g12 g
2
23 g33 g
3
44 + ∂3g22 g12 g
2
33 g
3
44 + ∂1g23 g22 g
2
33 g
3
44 −
∂2g13 g22 g
2
33 g
3
44−∂3g12 g22 g233 g344)/(4 g44 (−g234+g33 g44) (g224 g33−2 g23 g24 g34+
g22 g
2
34 + g
2
23 g44 − g22 g33 g44))
b124 = (∂4g44 g14 g23 g
2
24 g33 g34−∂4g44 g13 g324 g33 g34−2 ∂4g44 g14 g223 g24 g234+
2 ∂4g44 g13 g23 g
2
24 g
2
34+∂4g44 g14 g22 g23 g
3
34−∂4g44 g13 g22 g24 g334+∂4g44 g14 g223 g24 g33 g44−
∂4g44 g13 g23 g
2
24 g33 g44 − 2 ∂4g34 g14 g23 g224 g33 g44 + 2 ∂4g34 g13 g324 g33 g44 −
∂4g44 g14 g22 g24 g
2
33 g44+∂4g44 g12 g
2
24 g
2
33 g44+2 ∂4g34 g14 g
2
23 g24 g34 g44−2 ∂4g34 g13 g23 g224 g34 g44+
∂4g33 g14 g23 g
2
24 g34 g44 − ∂4g33 g13 g324 g34 g44 + 2 ∂4g44 g13 g22 g24 g33 g34 g44 +
2 ∂4g34 g14 g22 g24 g33 g34 g44−2 ∂4g44 g12 g23 g24 g33 g34 g44−2 ∂4g34 g12 g224 g33 g34 g44−
∂4g44 g13 g22 g23 g
2
34 g44−2 ∂4g34 g14 g22 g23 g234 g44+∂4g44 g12 g223 g234 g44+2 ∂4g24 g14 g223 g234 g44−
∂4g33 g14 g22 g24 g
2
34 g44 + 2 ∂4g34 g12 g23 g24 g
2
34 g44 − 2 ∂4g24 g13 g23 g24 g234 g44 −
2 ∂4g23 g14 g23 g24 g
2
34 g44+∂4g33 g12 g
2
24 g
2
34 g44+2 ∂4g23 g13 g
2
24 g
2
34 g44−2 ∂4g24 g14 g22 g33 g234 g44+
28
2 ∂4g24 g12 g24 g33 g
2
34 g44+∂4g22 g14 g24 g33 g
2
34 g44+∂1g24 g
2
24 g33 g
2
34 g44−∂2g14 g224 g33 g234 g44−
∂4g12 g
2
24 g33 g
2
34 g44+2 ∂4g24 g13 g22 g
3
34 g44+2 ∂4g23 g14 g22 g
3
34 g44−2 ∂4g24 g12 g23 g334 g44−
∂4g22 g14 g23 g
3
34 g44−2 ∂4g23 g12 g24 g334 g44−∂4g22 g13 g24 g334 g44−2 ∂1g24 g23 g24 g334 g44+
2 ∂2g14 g23 g24 g
3
34 g44+2 ∂4g12 g23 g24 g
3
34 g44+∂4g22 g12 g
4
34 g44+∂1g24 g22 g
4
34 g44−
∂2g14 g22 g
4
34 g44 − ∂4g12 g22 g434 g44 − ∂4g33 g14 g223 g24 g244 + ∂4g33 g13 g23 g224 g244 −
2 ∂4g24 g14 g
2
23 g33 g
2
44 − 2 ∂4g34 g13 g22 g24 g33 g244 + 2 ∂4g34 g12 g23 g24 g33 g244 +
2 ∂4g24 g13 g23 g24 g33 g
2
44 + 2 ∂4g23 g14 g23 g24 g33 g
2
44 − 2 ∂4g23 g13 g224 g33 g244 +
2 ∂4g24 g14 g22 g
2
33 g
2
44−2 ∂4g24 g12 g24 g233 g244−∂4g22 g14 g24 g233 g244−∂1g24 g224 g233 g244+
∂2g14 g
2
24 g
2
33 g
2
44+∂4g12 g
2
24 g
2
33 g
2
44+2 ∂4g34 g13 g22 g23 g34 g
2
44+∂4g33 g14 g22 g23 g34 g
2
44−
2 ∂4g34 g12 g
2
23 g34 g
2
44 + ∂4g33 g13 g22 g24 g34 g
2
44 − 2 ∂4g33 g12 g23 g24 g34 g244 −
2 ∂4g24 g13 g22 g33 g34 g
2
44 − 2 ∂4g23 g14 g22 g33 g34 g244 + 2 ∂4g24 g12 g23 g33 g34 g244 +
∂4g22 g14 g23 g33 g34 g
2
44 + 2 ∂4g23 g12 g24 g33 g34 g
2
44 + ∂4g22 g13 g24 g33 g34 g
2
44 +
2 ∂1g24 g23 g24 g33 g34 g
2
44 − 2 ∂2g14 g23 g24 g33 g34 g244 − 2 ∂4g12 g23 g24 g33 g34 g244 −
2 ∂4g23 g13 g22 g
2
34 g
2
44+2 ∂4g23 g12 g23 g
2
34 g
2
44+∂4g22 g13 g23 g
2
34 g
2
44+∂1g24 g
2
23 g
2
34 g
2
44−
∂2g14 g
2
23 g
2
34 g
2
44−∂4g12 g223 g234 g244−2 ∂4g22 g12 g33 g234 g244−2 ∂1g24 g22 g33 g234 g244+
2 ∂2g14 g22 g33 g
2
34 g
2
44+2 ∂4g12 g22 g33 g
2
34 g
2
44−∂4g33 g13 g22 g23 g344+∂4g33 g12 g223 g344+
2 ∂4g23 g13 g22 g33 g
3
44−2 ∂4g23 g12 g23 g33 g344−∂4g22 g13 g23 g33 g344−∂1g24 g223 g33 g344+
∂2g14 g
2
23 g33 g
3
44 + ∂4g12 g
2
23 g33 g
3
44 + ∂4g22 g12 g
2
33 g
3
44 + ∂1g24 g22 g
2
33 g
3
44 −
∂2g14 g22 g
2
33 g
3
44−∂4g12 g22 g233 g344)/(4 g44 (−g234+g33 g44) (g224 g33−2 g23 g24 g34+
g22 g
2
34 + g
2
23 g44 − g22 g33 g44))
b131 = (∂1g44 g14 g33 g34−∂1g44 g13 g234−2 ∂1g34 g14 g33 g44+2 ∂1g34 g13 g34 g44+
∂1g33 g14 g34 g44 − ∂3g11 g234 g44 − ∂1g33 g13 g244 + ∂3g11 g33 g244)/(4 g44 (−g234 +
g33 g44))
b132 = (∂2g44 g14 g33 g34−∂2g44 g13 g234−2 ∂2g34 g14 g33 g44+2 ∂2g34 g13 g34 g44+
∂2g33 g14 g34 g44 + ∂1g23 g
2
34 g44 − ∂2g13 g234 g44 − ∂3g12 g234 g44 − ∂2g33 g13 g244 −
∂1g23 g33 g
2
44 + ∂2g13 g33 g
2
44 + ∂3g12 g33 g
2
44)/(4 g44 (−g234 + g33 g44))
b133 = (∂3g44 g14 g33 g34−∂3g44 g13 g234−2 ∂3g34 g14 g33 g44+2 ∂3g34 g13 g34 g44+
∂3g33 g14 g34 g44 + ∂1g33 g
2
34 g44 − 2 ∂3g13 g234 g44 − ∂3g33 g13 g244 − ∂1g33 g33 g244 +
2 ∂3g13 g33 g
2
44)/(4 g44 (−g234 + g33 g44))
b134 = (∂4g44 g14 g33 g34−∂4g44 g13 g234−2 ∂4g34 g14 g33 g44+2 ∂4g34 g13 g34 g44+
∂4g33 g14 g34 g44 + ∂1g34 g
2
34 g44 − ∂3g14 g234 g44 − ∂4g13 g234 g44 − ∂4g33 g13 g244 −
∂1g34 g33 g
2
44 + ∂3g14 g33 g
2
44 + ∂4g13 g33 g
2
44)/(4 g44 (−g234 + g33 g44))
b141 = (−(∂1g44 g14) + ∂4g11 g44)/(4 g44)
b142 = (−(∂2g44 g14)− ∂1g24 g44 + ∂2g14 g44 + ∂4g12 g44)/(4 g44)
b143 = (−(∂3g44 g14)− ∂1g34 g44 + ∂3g14 g44 + ∂4g13 g44)/(4 g44)
b144 = (−(∂4g44 g14)− ∂1g44 g44 + 2 ∂4g14 g44)/(4 g44)
b231 = (−(∂1g44 g24 g33 g34)+∂1g44 g23 g234+2 ∂1g34 g24 g33 g44−2 ∂1g34 g23 g34 g44−
29
∂1g33 g24 g34 g44 + ∂1g23 g
2
34 g44 − ∂2g13 g234 g44 + ∂3g12 g234 g44 + ∂1g33 g23 g244 −
∂1g23 g33 g
2
44 + ∂2g13 g33 g
2
44 − ∂3g12 g33 g244)/(4 g44 (g234 − g33 g44))
b232 = (−(∂2g44 g24 g33 g34)+∂2g44 g23 g234+2 ∂2g34 g24 g33 g44−2 ∂2g34 g23 g34 g44−
∂2g33 g24 g34 g44+∂3g22 g
2
34 g44+∂2g33 g23 g
2
44−∂3g22 g33 g244)/(4 g44 (g234−g33 g44))
b233 = (−(∂3g44 g24 g33 g34)+∂3g44 g23 g234+2 ∂3g34 g24 g33 g44−2 ∂3g34 g23 g34 g44−
∂3g33 g24 g34 g44 − ∂2g33 g234 g44 + 2 ∂3g23 g234 g44 + ∂3g33 g23 g244 + ∂2g33 g33 g244 −
2 ∂3g23 g33 g
2
44)/(4 g44 (g
2
34 − g33 g44))
b234 = (−(∂4g44 g24 g33 g34)+∂4g44 g23 g234+2 ∂4g34 g24 g33 g44−2 ∂4g34 g23 g34 g44−
∂4g33 g24 g34 g44 − ∂2g34 g234 g44 + ∂3g24 g234 g44 + ∂4g23 g234 g44 + ∂4g33 g23 g244 +
∂2g34 g33 g
2
44 − ∂3g24 g33 g244 − ∂4g23 g33 g244)/(4 g44 (g234 − g33 g44))
b241 = (−(∂1g44 g24) + ∂1g24 g44 − ∂2g14 g44 + ∂4g12 g44)/(4 g44)
b242 = (−(∂2g44 g24) + ∂4g22 g44)/(4 g44)
b243 = (−(∂3g44 g24)− ∂2g34 g44 + ∂3g24 g44 + ∂4g23 g44)/(4 g44)
b244 = (−(∂4g44 g24)− ∂2g44 g44 + 2 ∂4g24 g44)/(4 g44)
b341 = (−(∂1g44 g34) + ∂1g34 g44 − ∂3g14 g44 + ∂4g13 g44)/(4 g44)
b342 = (−(∂2g44 g34) + ∂2g34 g44 − ∂3g24 g44 + ∂4g23 g44)/(4 g44)
b343 = (−(∂3g44 g34) + ∂4g33 g44)/(4 g44)
b344 = (−(∂4g44 g34)− ∂3g44 g44 + 2 ∂4g34 g44)/(4 g44).
Here are the formulas for bαβµ in the temporal gauge (g11 = 1, g12 = g13 =
g14 = 0)
b121 = 0
b122 = −∂1g22/4
b123 = −∂1g23/4
b124 = −∂1g24/4
b131 = 0
b132 = −∂1g23/4
b133 = −∂1g33/4
b134 = −∂1g34/4
b141 = 0
b142 = −∂1g24/4
b143 = −∂1g34/4
b144 = −∂1g44/4
b231 = −(∂1g44 g24 g33 g34−∂1g44 g23 g234−2 ∂1g34 g24 g33 g44+2 ∂1g34 g23 g34 g44+
∂1g33 g24 g34 g44−∂1g23 g234 g44−∂1g33 g23 g244+∂1g23 g33 g244)/(4 g44 (g234−g33 g44))
b232 = −(∂2g44 g24 g33 g34−∂2g44 g23 g234−2 ∂2g34 g24 g33 g44+2 ∂2g34 g23 g34 g44+
∂2g33 g24 g34 g44−∂3g22 g234 g44−∂2g33 g23 g244+∂3g22 g33 g244)/(4 g44 (g234−g33 g44))
30
b233 = −((∂3g44 g24 g33 g34−∂3g44 g23 g234−2 ∂3g34 g24 g33 g44+2 ∂3g34 g23 g34 g44+
∂3g33 g24 g34 g44 + ∂2g33 g
2
34 g44 − 2 ∂3g23 g234 g44 − ∂3g33 g23 g244 − ∂2g33 g33 g244 +
2 ∂3g23 g33 g
2
44)/(4 g
2
34 g44 − 4 g33 g244))
b234 = −((∂4g44 g24 g33 g34−∂4g44 g23 g234−2 ∂4g34 g24 g33 g44+2 ∂4g34 g23 g34 g44+
∂4g33 g24 g34 g44 + ∂2g34 g
2
34 g44 − ∂3g24 g234 g44 − ∂4g23 g234 g44 − ∂4g33 g23 g244 −
∂2g34 g33 g
2
44 + ∂3g24 g33 g
2
44 + ∂4g23 g33 g
2
44)/(4 g
2
34 g44 − 4 g33 g244))
b241 = (−(∂1g44 g24) + ∂1g24 g44)/(4 g44)
b242 = (−(∂2g44 g24) + ∂4g22 g44)/(4 g44)
b243 = (−(∂3g44 g24)− ∂2g34 g44 + ∂3g24 g44 + ∂4g23 g44)/(4 g44)
b244 = (−(∂4g44 g24)− ∂2g44 g44 + 2 ∂4g24 g44)/(4 g44)
b341 = −(∂1g44 g34 − ∂1g34 g44)/(4 g44)
b342 = −(∂2g44 g34 − ∂2g34 g44 + ∂3g24 g44 − ∂4g23 g44)/(4 g44)
b343 = −(∂3g44 g34 − ∂4g33 g44)/(4 g44)
b344 = −(∂4g44 g34 + ∂3g44 g44 − 2 ∂4g34 g44)/(4 g44).
Here are the formulas for bαβµ in case of the diagonal metric tensor gµν =
diag(g11, g22, g33, g44). These formulas are also valid for the space dimensions
n = 2, 3 (see section 8)
bαβµ = −1
2
∂[αgβ]µ.
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